Abstract: We show that a barely transitive group is totally imprimitive if and only if it is locally graded. Moreover, we obtain the description of a barely transitive group G for the case G has a cyclic subgroup which intersects non-trivially with all subgroups and for the case a point stabilizer H of G has a subgroup H 1 of finite index in H satisfying the identity χ(H 1 ) = 1, where χ is a multi-linear commutator of weight .
Introduction
A group G is said to have a barely transitive representation if G acts on an infinite set Ω transitively and faithfully, and every orbit of every proper subgroup is finite. An abstract group is called a barely transitive group, if it has a barely transitive representation. Equivalently, an infinite group G is barely transitive if and only if G has a core free subgroup H of infinite index in G and for every proper subgroup K of G, the index |K : K ∩ H| is finite where H corresponds to a stabilizer of a point [16] . If G is a barely transitive group with a point stabilizer H, then every infinite subset of the transversal set of H generates the group G. Therefore, every barely transitive group is countable.
Recall that an infinite group G is called quasi-finite (or a Schmidt group) if all of its proper subgroups are finite. One can easily see that an infinite group G is barely transitive in its regular permutation representation if and only if G is quasi-finite. For this reason, there is a close structural relation between barely transitive groups and quasi-finite groups. In particular, the quasi-finite group C ∞ is the only abelian barely transitive group in its regular permutation representation. There are also non-abelian quasi-finite barely transitive groups; for example, the two generated infinite quasi-finite groups constructed by Ol'shanskii [20, Theorem 2] are barely transitive on their right regular representations.
For a transitive permutation group (G Ω), if Ω has no non-trivial G-block, then G is called primitive; otherwise it is called imprimitive. Following Neumann [18] , if an ascending chain of proper blocks of an imprimitive group G does not have a maximal block, then G is said to be totally imprimitive. By definition, a barely transitive group is a group of permutations acting transitively on an infinite set. Therefore it is natural to ask whether an arbitrary barely transitive group is totally imprimitive or not? One can see that Ol'shanskii groups of exponent , for a fixed prime , given in [21] are primitive barely transitive. So, examples of primitive barely transitive groups exist. These Ol'shanskii groups are simple. Indeed, for every normal subgroup N of a transitive group G, every N-orbit is a G-block [8, Theorem 4.2] . Therefore, any primitive barely transitive group is simple. It is known that a locally finite barely transitive group cannot be primitive [16] . For the primitivity of an arbitrary barely transitive group, we have the following Theorem 1.1.
A barely transitive group is totally imprimitive if and only if it is locally graded.
Recall that a group G is called locally graded if every finitely generated subgroup has a proper subgroup of finite index. Clearly, every locally finite group is a locally graded group. In fact, as we noted in [6] , a barely transitive group is locally graded if and only if it is infinitely generated. This will be used freely in sequel.
Question.
Let G be a locally graded barely transitive group. Is G locally finite? In particular, can we provide some conditions under which G is locally finite?
In [6] , we have shown that if a point stabilizer of a locally graded barely transitive group G is permutable or (locally nilpotent)-by-soluble, then G is locally finite. Also, it is easy to see that a locally graded barely transitive group with a locally finite point stabilizer or with a point stabilizer of finite exponent, is locally finite.
In this paper, the results given in [6] are generalized via multilinear commutators. In the second part of the paper we consider simple barely transitive groups. It is well known that if a group G has a local system of simple subgroups, then it is simple; see [13, Theorem 4.4] or [11, Lemma 3.1] . On the other hand, there are non-simple groups which are unions of their proper non-abelian simple subgroups; see [10, Theorem C] . Let S be the class of groups which are unions of their non-abelian simple subgroups. One may ask "Which S-groups are simple?" For barely transitive groups we answer this question in the affirmative. Namely, Proposition 1.5.
Definition.

Let
Every barely transitive S-group is simple.
Observe that the above question makes sense if the group is a union of proper simple subgroups. In this case, our proof shows that G is a union of finite simple subgroups.
Corollary 1.6.
Let G be a locally graded barely transitive group with a point stabilizer H. If H is an S-group, then G is locally finite.
Proposition 1.7.
Let H be a point stabilizer of a barely transitive group G. Then any minimal normal subgroup of H is finite. In particular, if G is simple, then H is finite or H has no minimal normal subgroups.
The question of Hartley, "Does there exist a torsion-free barely transitive group?" is still open. Since by [17, Proposition 1] every proper normal subgroup of a barely transitive group is locally finite, if a torsion-free barely transitive group exists, then it must be simple. Ol'shanskii has constructed torsion-free groups satisfying for any non-identity and in G, ∩ = 1; see [22, Theorem 31.4, p. 338] . Such groups are not simple so they do not have barely transitive representations. Simple torsion-free groups in which any two subgroups intersect non-trivially were constructed by Obraztsov in [19] , but those groups do not have barely transitive representations as every proper subgroup of such a group has a non-trivial FC-center, which is impossible by [17, Corollary] . For a barely transitive group G with an element satisfying ∩ = 1, for any non-identity ∈ G, we have a complete description of G.
Theorem 1.8.
Let G be a barely transitive group. If there exists ∈ G satisfying for any non-identity in G, ∩ = 1, then G is periodic and either G is isomorphic to C ∞ for some prime or G is a finitely generated quasi-finite group with a trivial point stabilizer. In the latter case, Z (G) = 1 and G/Z (G) is simple, and π(G) (the set of prime divisors of the orders of elements of G) is finite.
Barely transitive groups given as in the second case of Theorem 1.8 exist by constructions of Ol'shanskii. Recall that he proved in [22, In particular, there exist barely transitive quasi-finite groups with non-trivial center and moreover, the intersection of any two non-trivial subgroups is non-trivial.
We note that [2, Theorem 4.1] has a flaw in its proof. It contradicts our Theorem 1.8. In fact, the groups in Theorem 1.9 form a counterexample to the statement of [2, Theorem 4.1].
In the sequel, for basic properties of barely transitive groups we freely apply the results of [16, 17] .
Proofs
Lemma 2.1. But by [1, Lemma 2.1] in a locally graded barely transitive group, no point stabilizer is contained in a maximal subgroup. Hence a locally graded barely transitive group cannot be primitive.
(ii) Assume that (G Ω) is a 2-transitive barely transitive group. Take any element α in Ω. Then G α is transitive on Ω \ {α}; see [8, Theorem 3.13] . Then for any point β of Ω \ {α}, the G α orbit of β is Ω \ {α} which contradicts the finiteness of orbits of proper subgroups.
The following proposition gives some information about the cardinality of the support of an element in a primitive barely transitive group.
Proposition 2.2.
If G is a primitive barely transitive group, then for any non-trivial element in G, |supp | is infinite.
Proof. Let G be a primitive barely transitive group and 1 = ∈ G be such that |supp | is finite. Since G is barely transitive, α∈Ω G α = 1. So, there exists α ∈ Ω such that is not in G α . As G is primitive, by [ 
Ω be the G α orbits of Ω meeting non-trivially with supp . Then
It follows that Ω is finite as each Ω is finite. This is impossible. Hence, for any non-trivial element in G, |supp | is infinite. Assume that G is not locally finite. By Lemma 2.1 (i), G cannot be primitive. Suppose that G is almost primitive which means that G has a finite chain of blocks, say . This contradicts our assumption that G is locally graded.
Lemma 2.4.
Let G be a locally graded barely transitive group with a point stabilizer H and a maximal normal subgroup N. Then the FC-center of H is contained in N. In particular, H is not an FC-group.
Proof. Let G be a locally graded barely transitive group and N be a maximal normal subgroup of G. Then, by is an FC-group. So, G is a locally graded minimal-non-FC group. By [25, Lemma 8.14] , G is locally finite which is a contradiction. Thus, M = G. Then, M N is a proper normal subgroup of G; see [6, Remark] . Hence M N. So, the FC-center of H is contained in N. If H is an FC-group, then H = H ∩ M N. As N is locally finite, H is locally finite. Then, G is locally finite which is a contradiction.
Corollary 2.5.
Let G be a simple locally graded barely transitive group and let H be a point stabilizer. Then the FC-center of H is trivial.
Corollary 2.6.
Let G be a simple barely transitive group and let H be a point stabilizer. Then either H is finite or the FC-center of H is trivial.
Proof. If G is finitely generated, then the result follows from [4, Corollary 4.7] . If G is infinitely generated, then G is locally graded and the result follows from Lemma 2.4. Proof of Proposition 1.3. Let φ be a splitting automorphism of G of order . Take a finitely generated subgroup
Proof of
. Then, K 1 is a φ-invariant finitely generated subgroup of G. Since G is infinitely generated, K 1 is proper in G, and so, K 1 is residually finite. Take any in K 1 . Then, there exists N K 
The map Ψ is a homomorphism with kernel Hence G cannot be locally finite. In [5] it is proven that a non-perfect barely transitive group is locally finite. So G is perfect. Then by [3, Theorem 1] , either G is two generated and G/Z (G) is simple or G/Z (G) is an infinite non-abelian quasi-finite group.
Assume that G is a two generated group such that G/Z (G) is simple. We need to say that G is quasi-finite. As G/Z (G) is simple, Z (G) is the maximal normal subgroup of G. Then, by [16 Consider the last case in which G/Z (G) is quasi-finite. Since |Z (G)| is finite we have G is quasi-finite. If G is infinitely generated, then each finitely generated subgroup of G is finite, which is impossible as shown above.
Proof of Proposition 1.5. Assume that G is a barely transitive S-group that is not simple. Then G has a nontrivial normal subgroup N and G = S∈Σ S where Σ is the set of non-abelian simple subgroups of G. Take any S ∈ Σ. As G is not simple, S is a proper subgroup and so residually finite. A residually finite group is simple only if it is finite. So, S is finite and hence G is periodic. So, N is infinite. Assume that N is a proper subgroup of G. Then N is residually finite. In particular, N is locally graded. As every normal subgroup of an S-group is an S-group [10] , N is a periodic locally graded S-group. So, N is simple, see [10, Theorem A]. But this is not possible as N is an infinite residually finite group. Thus N = G.
Proof of Corollary 1.6. Assume that G is a locally graded barely transitive group with a point stabilizer H.
Suppose that H is an S-group. Then H = S∈Σ S where Σ is the set of non-abelian simple subgroups of H. As every element in Σ is a proper subgroup of G, each S ∈ Σ is a residually finite simple group. Therefore each S ∈ Σ is finite. Hence, H is periodic. As every periodic, locally graded S-group is simple [10, Theorem A], H is simple. But H is residually finite. Hence, H is finite and so, G is locally finite.
Recall that there exists no simple locally finite barely transitive group by [11] . Therefore, by Proposition 1.5 and Corollary 1.6, we deduce that if G is a locally graded barely transitive S-group, then a point stabilizer of G cannot be an S-group.
Proof of Proposition 1.7. Let K be a minimal normal subgroup of H. Take an element ∈ K . Then by residual finiteness of H, there exists a normal subgroup N of H such that |H/N | < ∞ and / ∈ N . As K is minimal normal and / ∈ K ∩ N , we have K ∩ N = 1. Then,
In other words, K ≤ F C (H). Assume that G is simple. If H is not finite, then by Corollary 2.6, K ≤ F C (H) = 1.
Proof of Theorem 1.8. Since for every nontrivial element ∈ G, ∩ = 1, we obtain that either G is periodic or torsion-free.
Assume that G is periodic and has order . If G is infinitely generated, then any finitely generated subgroup G = 1 is a proper subgroup of G. Hence G is residually finite, and hence there exists a normal subgroup M such that G /M is finite and ∩ M = 1. By assumption, the equality ∩ M = 1 implies that M = 1 and hence G is locally finite. Then by [17] , G is a union of an increasing sequence of proper normal subgroups N for = 1 2 Therefore, there is a natural number such that is an element of N for all ≥ . Since N is residually finite, by the above observation we have N is finite for all ≥ . As any finite normal subgroup of G is central [16 Then we may assume that G is finitely generated. The subgroup is a finite cyclic subgroup of order . If G has an element of order , where is a prime, then ∩ = 1 implies that | . Let 1 2 be the primes dividing . Then only finitely many primes 1 2 divide the order of elements of G. Let | | = for some prime ∈ { 1 2 } and be an element of order in G. Then ∩ = 1 implies that = . In particular, is the only subgroup of order in G. Therefore, is a finite normal subgroup of G and hence, it is in the center of G. Let H be a point stabilizer and let ∈ H be an element of order . Then ∈ ≤ Z (G), which is not possible as ∈G H = 1. So, H = 1 and G is a barely transitive group with right regular representation. Since G is not locally finite, G = G [5] . By Grün's Lemma, Z (G/Z (G)) = 1. If N/Z (G) is a normal subgroup of G/Z (G), then N is normal in G and, moreover, as H = 1, N ≤ Z (G) and so G/Z (G) is simple and G is a finitely generated quasi-finite group. Now assume that G is a torsion-free group. Set C = ∞ =1 C G ( ). Then C is a subgroup of G. Indeed, if ∈ C , then there exist natural numbers and such that ∈ C G ( ) and ∈ C G ( ). Then and
For any 1 2 ∈ G, we have ∩ = 1. Then, ∈ for some natural number . So, 1 = 1 2 ∈ 1 ∩ 2 . That is, intersection of any two non-trivial subgroups is non-trivial.
Let be a non-trivial element of G. Then ∩ = 1 implies = for some . Then commutes with . Hence ∈ C G ( ) and C = G. In fact, one can show with the same argument that C = G for all ∈ G. Since G is simple, for any ∈ N, the group C G ( ) is a proper subgroup. Then for any ∈ N, the union of the infinite ascending chain C G ( ) ≤ C G ( 2 ) ≤ ≤ C G ( ) ≤ contains C = G. It follows that every finitely generated subgroup is contained in C G ( ) for some ∈ N. Hence G is locally graded. Now, G is a locally graded torsion-free barely transitive group. So every finitely generated subgroup is a residually finite group and the intersection of any two proper subgroups is nontrivial. Then, by [24, Theorem] , every finitely generated subgroup is finite, but this is impossible as G is torsion-free.
